
2.3 – Properties of Determinants; Cramer’s Rule

Properties of Determinants

• For an 𝜔 ω 𝜔matrix 𝜀, det (𝜗𝜀) = 𝜗𝜔 det (𝜀)
• Lemma 2.3.2 (prelude to a later result)

If 𝜛 is an 𝜔 ω 𝜔matrix and 𝜚 is an 𝜔 ω 𝜔 elementary matrix, thendet(𝜚𝜛) = det(𝜚) det(𝜛).
• Theorem 2.3.3 A square matrix 𝜀 is invertible if and only if det(𝜀) ⋛ 0.
• Theorem 2.3.4 If 𝜀 and 𝜛 are square matrices of the same size, thendet(𝜀𝜛) = det(𝜀) det(𝜛).
• Theorem 2.3.5 If 𝜀 is invertible, then det ⌋𝜀ε1⌈ = 1det(𝜀) .





Theorem 2.3.8 Equivalent Statements (extends Theorem 1.6.4)

If 𝜀 is an 𝜔 ω 𝜔matrix, then the following statements are equivalent.

a) 𝜀 is invertible.

b) 𝜀𝛚 = 𝛆 has only the trivial solution.
c) The reduced row echelon form of 𝜀 is 𝜍𝜔.
d) 𝜀 is expressible as a product of elementary matrices.

e) 𝜀𝛚 = 𝛝 is consistent for every 𝜔 ω 1matrix 𝛝.
f) 𝜀𝛚 = 𝛝 has exactly one solution for every 𝜔 ω 1matrix 𝛝.
g) det(𝜀) ⋛ 0.



#16 Find the values of 𝜗 for which the matrix 𝜀 is invertible.𝜀 = ⌉𝜗 22 𝜗{

#35 In each part, !nd the determinant given that 𝜀 is a 3 ω 3 matrix for whichdet (𝜀) = 7.
a. det (3𝜀)
b. det ⌋𝜀ε1⌈
c. det ⌋2𝜀ε1⌈
d. det ⌋(2𝜀)ε1⌈

De!nition: If𝜀 is any 𝜔 ω𝜔matrix and 𝜑𝛻𝜕 is the cofactor of ℵ𝛻𝜕 , then the matrix}⦃⦃⦃⦃⦄
𝜑11 𝜑12 ⋜ 𝜑1𝜔𝜑21 𝜑22 ⋜ 𝜑2𝜔⋝ ⋝ ⋝𝜑𝜔1 𝜑𝜔2 ⋜ 𝜑𝜔𝜔

⟨⟩⟩⟩⟩⟪
is called the matrix of cofactors from 𝛡. The transpose of

this matrix is called the adjoint of 𝛡 and is denoted by adj(𝜀).
Theorem 2.3.6 Inverse of a Matrix Using Its Adjoint

If 𝜀 is an invertible matrix, then 𝜀ε1 = 1det(𝜀)adj(𝜀).



#20 Decide whether the matrix is invertible, and if so, use the adjoint to !nd its

inverse.}⦃⦃⦃⦄
2 0 30 3 2ε2 0 ε4

⟨⟩⟩⟩⟪





Theorem 2.3.7 Cramer’s Rule

If 𝜀𝛚 = 𝛝 is a system of 𝜔 linear equations in 𝜔 unknowns such that det(𝜀) ⋛ 0,
then the system has a unique solution. This solution isℶ1 = det(𝜀1)det(𝜀) , ℶ2 = det(𝜀2)det(𝜀) , … , ℶ𝜔 = det(𝜀𝜔)det(𝜀) where 𝜀𝜕 is the matrix obtained

by replacing the entries in the 𝜕th column of 𝜀 by the entries in the matrix

𝛝 = }⦃⦃⦃⦃⦄
ℷ1ℷ2⋝ℷ𝜔
⟨⟩⟩⟩⟩⟪

#26 Solve by Cramer’s rule.ℶ ε 4ℸ + ⊳ = = 64ℶ ε ℸ + 2⊳ = ε12ℶ + 2ℸ ε 3⊳ = ε20




